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Simple Algebraic Extensions
and Characteristics Polynomials
Don Stokes, Junior Mathematics
Arkansas Polytechnic College, Russellville, Arkansas 72801

Suppose that F(k) is a simple algebraic extension of
a field F, formed by adjoining to F the single element k
which is a root of the irreducible polynomial g(x) over
+g,x+g0
F, where g(x) = gn x n -(- gn x x"'1-!We know that if u is any element of F(k) then there

...

.

exists a nonzero

=

f(u)

.

polynomial f(x) over F such

that

O. One method for finding f(x) has been to

consider u as an element of the n dimensional vector
n
space F(k) over F. -I l,u,u\...,u > is a linearly dependent set in F(k). Therefore there must exist a o,a,,

+

+
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Now to find f(x), find the companion matrix A of the
nomic polynomial gn g(x): A = CCgp1 gOO)- Since y
can be expressed in the form

u

= m n.1k n

'

+ m n.2 k n 2 +...
"

+m,k+m 0 ,

u will be a root of the polynomial det(xl-M) where

M = mn-l A

+ mn-2 Afl + + m A +
••¦

i

mo'-

+

...

This method simply considers u as the image of k under
a particular polynomial, and since k is a characteristic
1 g(x)), the preceding corollary assures a
root of

...

+

correct result.

a,u-f€F not all zero, such that a 0
-f
nl
n
=
O,
polyu
a
u
and u is a root of the
an j
n
n
=
a0
f(x)
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x
nomial
-(-a,x
-f a^ x nl
n
...,a n

istic roots of m(A) are m(k,), m(k 2 ),..., m(k ).

Cte^

over F,

In order to present an alternate procedure for
finding f(x), consider the following theorem and corolREFERENCES

lary.

Theorem: If A is any nth order matrix with characteristic roots k,, k 2,..., k n , then A is similar to an
upper triangular matrix P, where (P)jj = kj

.

Corollary: If k lf k Q,.. M k n are the characteristic roots
of A, and m(x) is any polynomial in x, the character-
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